In this paper we deal with sequences of polynomials orthogonal with respect to the discrete Sobolev inner product
Introduction
Polynomials orthogonal with respect to an inner product
where ξ is a real number and dµ is a positive Borel measure supported on an infinite subset E of the real line have been considered by several authors (see, for instance, [Alfaro et al. 1992; López et al. 1995; Marcellán and Ronveaux 1990; Marcellán and Van Assche 1993] and the references therein). They are known in the literature as Sobolev-type or discrete Sobolev orthogonal polynomials. Special attention has been paid to their algebraic and analytic properties of these polynomials, in particular, the distribution of their zeros taking into account the location of the point ξ with respect to the set E. When E is the interval [0, +∞) and ξ = 0, Meijer [1993a] analyzed some analytic properties of the zeros of the so called discrete Sobolev orthogonal polynomials (1). Some results of [Meijer 1993a ] are direct generalizations of the results of [Koekoek and Meijer 1993] , where the weight function is the Laguerre weight ω(x) = x α e −x . Koekoek and Meijer established properties of the discrete Laguerre-Sobolev polynomials such as their representation as a hypergeometric series, an holonomic second order linear differential equation associated with them, properties of the zeros, and a higher-order recurrence relation that such polynomials satisfy. The asymptotic properties of these discrete Laguerre-Sobolev polynomials have been studied in [Álvarez-Nodarse and Moreno-Balcázar 2004; Marcellán and Moreno-Balcázar 2006] , while the analysis of convergence of the Fourier expansions in terms of such polynomials was done in [Fejzullahu and Marcellán 2009] .
In this paper we consider the discrete Sobolev polynomials {Ŝ n } n≥0 orthogonal with respect to (1) where E = [0, +∞) and ξ < 0. We show that these polynomials can be expressed aŝ S n (x) =P n (x) + A n,1 (x − ξ )P [2] n−1 (x) + A n,2 (x − ξ )
where {P n } n≥0 and {P [k] n } n≥0 , k ∈ ‫,ގ‬ are the sequences of monic polynomials orthogonal with respect to the weight functions ω( · ) and ( · −ξ ) k ω( · ), respectively. Moreover, the behavior of the coefficients A n,1 and A n,2 is studied in more detail. In particular, when ω is the Laguerre weight, we obtain some asymptotic properties for the sequence of discrete Laguerre-Sobolev orthogonal polynomials.
The structure of the manuscript is as follows. In Section 2 we give some basic background concerning polynomial perturbations of a measure as well as interlacing properties for the zeros of the corresponding orthogonal polynomials. We point our that the results presented therein are of independent interest in terms of the core of our contribution. Indeed, they constitute an alternative approach in the subject. In Section 3, a representation of monic polynomials orthogonal with respect to the inner product (1) is given in terms of polynomial orthogonal with respect to polynomial perturbations of the weight function. Some results about their zeros are deduced. In Section 4 we focus our attention on the asymptotics of discrete Laguerre-Sobolev orthogonal polynomials. More precisely, we obtain outer relative asymptotics, a Mehler-Heine formula and the Plancherel-Rotach outer asymptotics for such orthogonal polynomials.
Throughout this paper positive constants are denoted by c, c 1 , . . ., and they may vary at every occurrence. The notation u n ∼ = v n means that the sequence {u n /v n } n converges to 1. We will denote by k(π n ) the leading coefficient of any polynomial π n andπ n (x) = (k(π n )) −1 π n (x).
Auxiliary results
Let ω denote a weight function on (0, ∞), i.e., ω(x) ≥ 0 and all moments
exist. Let {P n } n≥0 denote the sequence of monic polynomials orthogonal (SMOP, in short) with respect to the standard inner product
In particular, from the moments we get an explicit expression of the SMOP. Indeed, we getP 0 (x) = 1 and
where
, n ≥ 1, are the Gram determinants.
The n-th reproducing kernel for ω is
Here, P n 2 ω = P n ,P n . Because of the Christoffel-Darboux formula, it may also be expressed as
The confluent formula reads as
In the same way we can describe the SMOP {P [k] n } n≥0 , orthogonal with respect to the inner product
where ξ ≤ 0. For n ≥ 1, they are given by the determinant (2) where c i is replaced by
and c n = d 0 n . In the sequel, we will set
Proof. For n ≥ 1 and k ∈ ‫,ގ‬ (6)P
n . The determinant in (6) becomes [Szegő 1975, Formula (2.2.9) ]
Now, by using (4), (5) follows.
Next we will compute some integrals involving the polynomialsP
n (x) d x is given by
Proof. (i) Using (4) recursively as well as properties of determinants, we have
On the other hand,
, and by using (5) we get
On the other hand, we have from [Szegő 1975 , Theorem 2.5]
Therefore,
Using this relation recursively we obtain
Combining (7) and (9), our statement follows.
(ii) We have
Now, adding to the last column the n-th and (n − 1)-th columns multiplied by −2x and x 2 , respectively, and repeating this operation for each of the preceding columns, we obtain (11)
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and by using (5), (9), and (11) we get
Denote by x [k] r,n , r = 1, 2, . . . , n, the zeros ofP [k] n (x) in increasing order.
Proposition 3. (i) The zeros ofP [k]
n (x) interlace with both the zeros ofP
(ii) Between two consecutive zeros ofP
r,n−1 ) for r = 1, 2, . . . , n − 1.
Proof. (i) Here we will use the same argument as in [Chihara 1978, page 65 ] (see also [Bracciali et al. 2002, Lemma 1]) . It is well known that the zeros ofP
interlace with the zeros ofP
Thus, there exist zeros
r +1,n+1 , r = 1, 2, . . . , n.
(ii) By using (8) and the recurrence relation we obtain
n+1 (ξ ) = 0 we have d 3,n = 0. Now, the rest of the proof can be done in a similar way as in [Meijer 1993a, Lemma 6 .1]; see also [Meijer 1993b, Lemma 4 
r +1,n for r = 1, 2, . . . , n − 1. Therefore,
r,n−2 for r = 1, 2, . . . , n − 2, and x
n−r −1 and sgnP
n−1,n−1 ) = 1.
As a conclusion,
r,n−1 ), r = 1, 2, . . . , n − 1.
Discrete Sobolev orthogonal polynomials
Connection formula. We consider the inner product
where ξ ≤ 0, and M, N ≥ 0. Let {Ŝ n } n≥0 denote the SMOP with respect to the discrete Sobolev inner product (12)).
Theorem 1. Let M ≥ 0 and N ≥ 0. There are real constants A n,1 and A n,2 such thatŜ
,
n−2 (ξ )
Proof. We will prove that
For k ≥ 2 and n > k,
Now consider k = 0 and n ≥ 1. We have
On the other hand, by using Proposition 2(i),
and taking derivatives in (8) and then substituting x = ξ we get
Combining (3), (13), and (14), we get
Using Proposition 2(ii),
Therefore, Ŝ n , 1 S = A n,1 I 1,n (ξ ) + A n,2 I 2,n (ξ ) + MP n (ξ ).
In the same way, for k = 1 and n ≥ 2, we have
[2] n−1 (ξ ) + NP n (ξ ), where
n (ξ )
Finally, using the expressions of A n,1 and A n,2 , our statement follows.
Next, we will study the behavior of the coefficients A n,1 and A n,2 . Proposition 4.
n−1 (ξ )(N + α n β n ), where
(ii) N I 2,n (ξ )P n (ξ ) − M I 3,n (ξ )P n (ξ ) = I 2,n (ξ )P n (ξ )(N + Mβ n γ n ), where
Proof. (i) From the Christoffel-Darboux formula for polynomials {P [2] n } n≥0 we have
n+1 (y) .
If we multiply (16) by (y − ξ )ω(y) and integrate over (0, ∞), evaluation at x = ξ yields
n (ξ )I 1,n+2 (ξ ) .
0 = 1, the left-hand side is negative. Therefore,
n (ξ )I 1,n+2 (ξ ) < 0.
From (5) we have
n+1 (ξ ) = (−1) n+1 and sgnP
n (ξ ) = (−1) n .
Thus,P
[2]
n (ξ ) is negative and, as a consequence,
Using this relation recursively, we get
n−1 (ξ )
On the other hand, (5) and (13) imply that sgn I 1,n (ξ ) = (−1) n+1 ; therefore,
n+1 (ξ ) .
SinceP
n (ξ ) is negative this yieldŝ
.
Using this relation recursively, we obtain
n,n denote the zeros ofP [2] n . Then
2,n − ξ
n,n − ξ < − n ξ .
Statements (ii) and (iii) can be proved in a similar way as (i).
Proposition 5. Let M, N ≥ 0 and not both zero. Then sgn A n,1 = −1 and sgn A n,2 = − sgn N .
Proof. From (5) and Proposition 4 sgn
In a similar way,
The zeros. We now analyze the zeros of the polynomialsŜ n . The techniques are the same as those used by Meijer [1993a; 1993b] .
Theorem 2. The discrete Sobolev orthogonal polynomialŜ n has n real simple zeros and at most one of them is outside of [ξ, ∞).
Proof. Since for N = 0,Ŝ n is a standard orthogonal polynomial, in the sequel we will consider the cases when N > 0 and M ≥ 0. Let ν 1 < ν 2 < · · · < ν k be the zeros ofŜ n (x) on (ξ, ∞) with odd multiplicity. Let us introduce the polynomial
Notice that φ(ξ ) and φ (ξ ) have opposite signs and φ(x)Ŝ n (x) does not change sign on [ξ, ∞).
This means that φ (ξ )Ŝ n (ξ ) and φ(ξ )Ŝ n (ξ ) have the same sign, and therefore φ (ξ ) and φ(ξ ) have the same sign. This yields a contradiction.
As a conclusion, deg φ = n − 1 or deg φ = n, which proves our statement.
Next, we prove that the zeros ofŜ n (x) interlace with the zeros ofP
n−1 (x) if S n (x) has a zero outside [ξ, ∞). Notice that, by Theorem 1,Ŝ n (ξ ) = 0. Theorem 3. Denote by ν r,n , r = 1, 2, . . . , n, the zeros ofŜ n (x) in increasing order. Suppose that ν 1,n < ξ . Then 2ξ − x 1,n−1 < ν 1,n < ξ and
n−1,n−1 . Proof. From Theorem 1 we havê
r,n−1 ), r = 1, 2, . . . , n − 1. Then from Proposition 3(iii) and Proposition 5 we get
On the other hand, from (5) and Theorem 1,
Therefore, every interval (ξ, x
r +1,n−1 ), for r = 1, . . . , n − 2, contains an odd number of zeros ofŜ n (x). SinceŜ n has n real zeros and at most one of them is outside of (ξ, ∞), then
n−1,n−1 . Now, we will prove that 2ξ − x
By Theorem 1 and Proposition 4,
Therefore, sgnŜ n (ξ ) = sgnP n (ξ ) = sgnŜ n (ξ ) and 0 <Ŝ n (ξ ) S n (ξ )
, which implies successively
1,n−1 − ξ > ν 2,n − ξ > ξ − ν 1,n and 2ξ − x
1,n−1 < ν 1,n . Our statement follows.
Discrete Laguerre-Sobolev orthogonal polynomials: asymptotics
Laguerre polynomials. For α ∈ ‫,ޒ‬ the Laguerre polynomials are defined by
n (x)} n≥0 are orthogonal on [0, +∞) with respect to the weight function ω(x) = x α e −x [Szegő 1975, Chapter V] . Let {L
, k ∈ ‫,ގ‬ denote the sequence of polynomials orthogonal with respect to the modified Laguerre weight
We summarize some properties of the L (α,k) n (x), k ∈ ‫ގ‬ ∪ {0}, to be used later.
This relation holds for x in the complex plane cut along the positive real semiaxis; both (−x) −α/2−1/4 and √ −x must be taken real and positive if x < 0. The bound of the remainder holds uniformly in every closed domain which does not overlap the positive real semiaxis.
Moreover, we get the outer ratio asymptotics
(iv) (Mehler-Heine formula) Uniformly on compact subsets of ‫,ރ‬ we have
where j ∈ ‫ގ‬ ∪ 0 and J α is the Bessel function of the first kind.
(v) (Plancherel-Rotach type outer asymptotics for L (α,N ) n ) Uniformly on compact subsets of ‫ރ‬ \ [0, 4] and uniformly on j ∈ ‫ގ‬ ∪ {0}, we have
where φ is the conformal mapping of ‫ރ‬ \ [−1, 1] onto the exterior of the unit circle given by
Proof. Using integration by parts we have
Using (8) and Proposition 6(iii),
On the other hand, [Fejzullahu 2011, Proposition 2.2] gives
and
Therefore, by using Proposition 6(iii),
and taking into account (17) the result follows.
Discrete Laguerre-Sobolev orthogonal polynomials. Let {S n } n≥0 be the sequence of polynomials orthogonal with respect to the discrete Sobolev inner product (12), where ω(x) = x α e −x and ξ < 0, normalized by the condition that S n has the same leading coefficient as the classical Laguerre orthogonal polynomial L (α) n , i.e., k(S n ) = (−1) n /n!.
Theorem 4. Let M ≥ 0 and N ≥ 0. There are real constants B n,0 , B n,1 , and B n,2 such that
where B n,0 = 1 1+ A n,1 + A n,2 , B n,1 = − A n,1 n(1+ A n,1 + A n,2 )
, and B n,2 = A n,2 n(n −1)(1+ A n,1 + A n,2 ) .
Moreover:
(ii) If M = 0 and N > 0, then
Proof. From Theorem 1,
and, as a consequence,
where B n,0 , B n,1 , and B n,2 are as in the statement of the theorem. Now, from Proposition 4 we can obtain the behavior of the coefficients B n,0 , B n,1 and B n,2 for n large enough. In order to estimate A n,1 and A n,2 , first we compute α n β n , α n /γ n , β n γ n and I 2,n (ξ ). From (13) and Proposition 6, we can write
Next, we will analyze the following three situations.
(i) Let M > 0 and N > 0. Then,
(ii) Let M = 0 and N > 0. Then,
, B n,1 ∼ = − 1 n , B n,2 = 0.
Next we deduce several asymptotic properties for discrete Laguerre-Sobolev polynomials when M, N ≥ 0. (For M > 0 and N = 0, the same asymptotic results for corresponding Laguerre-type polynomials has been deduced in [Dueñas et al. 2011] and [Fejzullahu and Zejnullahu 2010] Notice that, according to the Hurwitz's Theorem, the point ξ attracts two negative zeros of S n (x) for n large enough.
• Notice that, according to the Hurwitz's Theorem, the point ξ attracts one negative zero of S n (x) for n large enough.
(ii) (Mehler-Heine formula)
• If M > 0 and N > 0 Proof. We will prove the theorem when M > 0 and N > 0. The proofs of the other cases can be done in a similar way.
(i) From (18) S n (x)
n (x) = B n,0 + n B n,1 (x − ξ )
. Now, Proposition 6(iii) and (19) yield (ii) Scaling the variable as x → x/n in (18) then dividing by n α we get
n (x/n) n α + n B n,1 (x/n − ξ )
n−1 (x/n) n α+1 + n 2 B n,2 (x/n − ξ ) Now, using the fact that (φ(z) + 1) 2 = 2(z + 1)φ(z) if |z| > 1, we get our result.
